The transport of energy inside protein α-helices is studied by deriving a system of quantum equations of motion from the Davydov Hamiltonian with the use of the Schrödinger equation and the generalized Ehrenfest theorem. Numerically solving the system of quantum equations of motion for different initial distributions of the amide I energy over the peptide groups confirmed the generation of both moving or stationary Davydov solitons. In this simulation the soliton generation, propagation, and stability were found to be dependent on the symmetry of the exciton-phonon interaction Hamiltonian and the initial site of application of the exciton energy.
Introduction
Proteins are the molecular engines of life that catalyze a myriad of biochemical processes in living organisms [1] [2] [3] . The physical mechanisms for transport of energy inside proteins have been of great interest to scientists ever since the discovery of the protein secondary structure in 1951 by L. Pauling and colleagues [4] . In 1973, the pioneering work of A. S. Davydov suggested that the energy released by adenosine triphosphate (ATP) could be used to excite amide I oscillators in protein α-helices, which then interact with the induced distortion in a phonon lattice to self-trap the amide I energy from dispersing thereby forming a waveform of 'soliton' type [5] [6] [7] [8] [9] [10] [11] . Davydov's model has been intensively studied by different research teams , but a number of biologically important questions remained unclear, namely, whether the approximations in deriving the nonlinear Schrödinger equation [9, 25, 30, 33] for Davydov solitons in proteins are justified for short protein α-helices that enter into the tertiary structure of most proteins, and whether the system of coupled differential equations modeling the dynamics of amide I excitons and the corresponding lattice distortions are able to capture correctly the quantum nature of Davydov solitons, or the approximations involved compel the system into a purely classical regime [35, 37, 38] .
Here, we investigate both of the above questions: Firstly, to an extent following [21, 22] , we derive the quantum equations of motion resulting from solving the Schrödinger equation for Davydov's Hamiltonian, followed by an application of the generalized Ehrenfest theorem for regulating the time evolution of quantum expectation values. Then (in §4) as a further mainstay of the present paper, we present a computational study of the dynamics of the Davydov solitons in protein α-helices, for the case of 40 peptide groups per α-helix spine, including the size of the conformational changes induced in the lattice, the velocity of soliton propagation and its stability upon reflection from the ends of the protein α-helix. The subsequent simulations, as depicted, reveal soliton dynamics for both symmetric and asymmetric Hamiltonians. The protein α-helix structure is stabilized by 3 chains of hydrogen bonds referred to as α-helix spines that run parallel to the helical axis.
Davydov's Hamiltonian
Geometrically, the protein α-helix is a right-handed spiral with 3.6 amino acid residues per turn, where the N-H group of an amino acid forms a hydrogen bond with the C=O group of the amino acid four residues positioned earlier in the polypeptide chain. Three longitudinal chains of hydrogen bonds referred to as α-helix spines that run parallel to the helical axis stabilize the α-helix structure (Fig. 1) . Each α-helix spine consists of a chain of hydrogen bonded peptide groups
where J is the interaction energy between two consecutive C=O groups, and χ is the nonlinear coupling between the excited C=O group and the distortion of the adjacent hydrogen bonds.
Focusing upon a single α-helix spine, we decompose Davydov's Hamiltonian as a sum of three separate HamiltoniansĤ
The above Hamiltonian is formally similar to the Fröhlich-Holstein Hamiltonian which describes the interaction of electrons with a lattice [40] [41] [42] [43] . The exciton (amide I; C=O stretching) energy operator is [11, 44] 
whereâ The phonon energy operator is [11, 21, 44 ]
where M = 1.9 × 10 −25 kg is the average mass of an amino acid, w=13-19.5 N/m is an effective elasticity coefficient of the lattice (the spring constant of the hydrogen bond) [44] ,p n andû n are respectively the momentum and position operators for longitudinal displacement of an amino acid.
The exciton-phonon interaction operator iŝ
where χ = 30−62×10 −12 N is an anharmonic parameter arising from the coupling between the quasiparticle (exciton) and the lattice displacements (phonon) thereby parameterizing the strength of the exciton-phonon interaction [44] . Here, we have introduced the parameter ξ = [0, 1] in order to characterize compactly the symmetry of the coupling between the excited C=O group and the adjacent hydrogen bonds. For example, Davydov's original spatially symmetric model is obtained for ξ = 1, whereâ † nân is coupled equally toû n+1 andû n−1 [11, 21] . A. C. Scott modified Davydov's model by opting for an asymmetric coupling with ξ = 0, motivated by the internal geometry of the peptide units such that every unit has its C=O group immediately adjacent to the next hydrogen bond in the chain; henceâ † nân is coupled toû n+1 , but not toû n−1 [44] . Our generalized interaction Hamiltonian can be brought into the form [32] given by Luo and Piettê
where 
Equations of motion for Davydov's Hamiltonian
Here we show how the quantum equations of motion for Davydov's Hamiltonian can be derived using only the Schrödinger equation together with the generalized Ehrenfest theorem [21, 22] .
First, we introduce an ansatz state vector whose time evolution is assumed to be approximately the same as that of the exact state vector. In the literature, Davydov introduced two different possible state vectors called |D 1 or |D 2 ansätze. Because Davydov's Hamiltonian describing the transport of acoustic polarons is mathematically similar to the Holstein Hamiltonian describing optical polarons, the two Davydov ansätze and the mathematical techniques employed in the analysis of Davydov's soliton are also often used to study polaron dynamics in molecular rings and other aggregates [47, 48] . Here, we work with the second of Davydov's ansatz state vectors, which has the form [11] :
Normalization of the |D 2 ansatz implies D 2 |D 2 = n |a n | 2 = 1, where |a n | 2 is the probability for finding the amide I quantum exciton at the nth site.
With the use of the Hadamard lemma [49, p. 143] , the expectation values forû n andp n are found to be
If the |D 2 (t) ansatz approximates well the exact solution of the Schrödinger equation (see Appendix B), then its temporal evolution will be
and we can use the generalized Ehrenfest theorem (see Appendix A) for the time dynamics of the expectation values (7), namely
For the above commutators, we obtain
From (9) and (10), we also have
From (9) and (11), together with (7) and 12, we obtain one of Davydov's equations for the phonon displacements b n (t) from the corresponding equilibrium positions
The equation for the amide I probability amplitudes a n (t) can be derived by differentiating the |D 2 (t) ansatz. After application of the Baker-Campbell-Hausdorff formula [50] , the total time derivative of the Davydov ansatz |D 2 (t) is found to be [21] 
Next, we calculate the terms on right-hand side of the Schrödinger equation as followŝ
Then we use the Schrödinger equation to combine (14) , (15), (16) and (17), and after taking the inner product with b| 0 ex |â n , we obtain
where the expectation value of the phonon energy has been written as
The first three terms in 18 are global for all a n , namely
Furthermore, because all terms in γ(t) are real, a global phase change on the quantum probability amplitudes, namely a n →ā n e − ı ´γ (t)dt , will not change the quantum probabilities for the amide I oscillators
After the transformation and re-labelingā n to a n , the system of Davydov equations becomes
4. Computational study
Model parameters
We have numerically integrated the system of Davydov equations for an 18-nm-long protein α-helix with n = 40 peptide groups per α-helix spine with initially unperturbed lattice of hydrogen bonds and different initial conditions for spreading of the amide I excitation. Because counting of amino acid residues in the protein primary structure starts, by definition, at the N-end of the protein, the index n denoting the peptide groups along the α-helix spine is minimal at the N-end and maximal at the C-end of the α-helix. For improving comparability with previous works [37] [38] [39] , in the present simulations we have set w = 13 N/m and have varied the values ofχ and ξ. The error of deviation from the Schrödinger equation due to the use of |D 2 (t) ansatz is analyzed in Appendix B and is numerically found to be negligible in comparison to the absolute value of the gauge transformed soliton energy |E| = |E sol − E 0 − W 0 |.
Effect of initial exciton spreading
In the continuum approximation, the Davydov soliton is a sech 2 -shaped distribution of amide I energy, which is self-trapped by the induced distortion in the lattice. To investigate how the initial spreading of amide I energy affects the dynamics of Davydov solitons in the discrete case, we have compared different initial Gaussian step distributions σ of amide I energy spread over 1, 3, 5 or 7 peptide groups such that the corresponding distributions of |a n | 2 were computed to be: {1}, {0.244, 0.512, 0.244}, {0.099, 0.24, 0.322, 0.24, 0.099}, {0.059, 0.126, 0.199, 0.232, 0.199, 0.126, 0.059}). Simulations with ξ = 1 andχ = 35 pN showed that the larger initial spreading of amide I energy generates solitons with lower energies and lower speeds: for σ = 1 the soliton energy was E = 0 and the soliton velocity v = 947 m/s (Fig. 2a) ; for σ = 3 : E = −1.41J and v = 590 m/s (Fig. 2b) ; for σ = 5 : E = −1.73J and v = 324 m/s (Fig. 2c) ; and for σ = 7 : E = −1.84J and v = 189 m/s (Fig. 2d) . Thus, the initial spreading of amide I energy appears to stabilize the Davydov solitons by lowering of the soliton energy.
For simulations with initially unperturbed lattice, b n (0) = 0 and dbn(0) dt = 0, the soliton energy does not depend onχ and ξ, but only on the initial spread of the amide I energy (for details see Eq. B.5 and the following discussion in Appendix B). All subsequent simulations were performed with initial Gaussian step distribution σ = 3, which was computationally confirmed to generate Davydov solitons with the same energy E = −1.41J.
Effect of increased exciton-phonon coupling
To investigate how the change of the exciton-phonon couplingχ affects the dynamics of Davydov solitons, we have variedχ for fixed ξ = 1 and initial Gaussian step distribution σ = 3 of amide I energy applied at the N-end of the α-helix spine. Forχ = 10 pN, the exciton energy interacted only weakly with the lattice and was rapidly dispersed along the α-helix spine (Fig. 3a, Video 1) . Forχ = 30 pN, the exciton energy was self-trapped by an induced distortion in the lattice and the soliton did not disperse even after reflection from the end of the α-helix spine (Fig. 3b, Video 2) . The velocity of the moving soliton was v = 679 m/s. Forχ = 50 pN, the self-trapping was more pronounced and the soliton velocity was lower, v = 340 m/s (Fig. 3c, Video 3) . Forχ = 70 pN, the self-trapping was so strong that it pinned the soliton and prevented it from moving along the α-helix spine (Fig. 3d, Video 4) . Thus, the exciton-phonon coupling parameter χ exhibits two distinct thresholds, a lower one for the formation of moving solitons and a higher one for soliton pinning. 
Effect of exciton-phonon interaction symmetry
To investigate how the exciton-phonon interaction symmetry ξ affects the dynamics of Davydov solitons, we have varied both ξ andχ for fixed initial distribution σ = 3. If the amide I energy was applied at the N-end of the α-helix spine, the threshold for generation of moving solitons wasχ = 23 pN for any ξ (Fig. 4) . This threshold is consistent with the one reported in previous simulations for ξ = 0 [39, 51] . Gaussians with larger initial spread, exhibited slightly lower thresholds for soliton generation:χ = 22 pN for σ = 5 and χ = 21 pN for σ = 7. Thus, launching of the Davydov solitons is modestly assisted by the initial spreading of the amide I energy.
While the threshold for soliton generation was the same for all ξ, the threshold for soliton pinning was strongly dependent on ξ. With fixed σ = 3, the thresholds for soliton pinning were: for ξ = 0 :χ = 38 pN, for ξ = 0.2 :χ = 45 pN, for ξ = 0.4 :χ = 52 pN, for ξ = 0.6 :χ = 57 pN, for ξ = 0.8 :χ = 64 pN, and for ξ = 1 :χ = 70 pN (Fig. 4) . Thus, the symmetry of the exciton-phonon interaction Hamiltonian increases the dynamic range ofχ values for which the generated solitons are able to move along the protein α-helix.
Higher values for the symmetry parameter ξ also led to faster moving solitons. With fixed σ = 3 and χ = 35 pN, the soliton velocities were: for ξ = 0 : v = 340 m/s (Fig. 5a ), for ξ = 0.25 : v = 545 m/s (Fig. 5b) , for ξ = 0.5 : v = 571 m/s (Fig. 5c ), for ξ = 0.75 : v = 586 m/s (Fig. 5d ), for ξ = 1 : v = 590 m/s (Fig. 2b) . Interestingly, the presence of even a small amount of symmetry (ξ = 0.25) made the soliton properties closer to the fully symmetric case (ξ = 1) rather than the fully asymmetric case (ξ = 0).
We have further compared the launching of Davydov solitons from the N-end versus the C-end of the protein α-helix. The results for each ξ value were almost identical mirror reflections (Figs. 5 and 6 ). The mirror symmetry was exact for ξ = 1, and very slightly violated for ξ < 1.
Applying the amide I energy in the middle of the protein α-helix resulted in the generation of pinned solitons (Fig. 7) . The threshold for soliton generation was substantially higher in comparison with launching of solitons from the α-helix ends and exhibited slight ξ-dependence. The thresholds for soliton generation were: for ξ = 0 :χ = 34 pN, for ξ = 0.25 :χ = 36 pN, for ξ = 0.5 :χ = 37 pN, and for ξ ≥ 0.75 : χ = 37 pN. Thus, the exciton-phonon interaction asymmetry favors soliton pinning at lower values ofχ for all possible sites of application of the amide I energy in the α-helix. 
Effect of periodic boundary conditions
Periodic boundary conditions are often used in quantum chemistry calculations [52, 53] even though they effectively create circular lattices. In a circular α-helix, the resulting solitons are pinned (Fig. 8) similarly to the case when the amide I energy is applied in the middle of the α-helix (Fig. 7) . For the periodic case, the thresholds for soliton generation were slightly higher: for ξ = 0 :χ = 34 pN, for ξ = 0.25 :χ = 37 pN, for ξ = 0.5 :χ = 38 pN, and for ξ ≥ 0.75 :χ = 38 pN. Thus, using periodic boundary conditions could be useful in determining the threshold for generation of solitons in the middle of the α-helix or analyzing the soliton stability, but is inadequate for studying moving solitons along the α-helix.
Discussion
The transport of energy in proteins is an important problem, which requires a detailed analysis of a number of physical parameters. The discreteness of the peptide groups within the relatively short lengths of average α-helices entering in the protein tertiary structure precludes the long-wavelength/continuum approximation [6, 7] with subsequent derivation of the nonlinear Schrödinger equation, which is known to have soliton solutions. With the use of the Schrödinger equation and the generalized Ehrenfest theorem, however, we have shown that it is possible to derive a system of quantum equations of motion that could be solved through numerical integration for arbitrary initial conditions. We have also addressed previous concerns [35, 36] in regard to the usage of |D 2 (t) ansatz for determining the full quantum dynamics by showing that the error of deviation from the Schrödinger equation is non-zero, but negligible in comparison to the soliton energy.
Different initial Gaussian step distributions σ of amide I energy exhibited self-trapping due to an associated kink in the lattice of hydrogen bonds and moved as a solitary quasiparticle (viz. Davydov soliton). The symmetry of the Hamiltonian (set by the parameter ξ) increased the dynamic range ofχ values for which the solitons were moving and also increased the soliton velocities for each individual value ofχ. Furthermore, the presence of even a small amount of symmetry, makes the soliton properties closer to the fully symmetric case rather than the fully asymmetric case. Thus, any non-zero value of the symmetry parameter ξ is beneficial for the possible existence of moving Davydov solitons in protein α-helices.
Our results, as visually presented ( Figs. 1-9 ; Videos 1-4) in the computational study ( §4), show that Davydov solitons can be generated even when the long-wavelength/continuum approximation cannot be used for the derivation of the nonlinear Schrödinger equation in possession of soliton solutions. In such cases, the symmetry of the Hamiltonian is of great importance for the mobility of the generated solitons and the velocity of their propagation along the protein α-helix.
The present study, while being focused on the effects of the symmetry parameter ξ on the quantum dynamics of Davydov solitons, is limited in that it did not include a thermal bath. Consequently, the reported soliton lifetime of over 100 ps should not be directly extrapolated to physiological temperatures of T = 310 K. Previous experimental studies have reported self-trapped amide I states in peptide model crystals [54] or protein (myoglobin) [55] for about 15 ps. Computational studies using a quantum Monte Carlo method have found Davydov solitons to be unstable at temperatures above T = 7 K [56] , whereas studies using a thermally averaged Hamiltonian [39] or a Langevin term obeying the fluctuation-dissipation theorem applied to the lattice [19, 20] have shown that for a certain range of parameters, Davydov solitons could persist at T = 310 K for tens of picoseconds. In view of this controversy, Förner [19] has pointed out that increasing the spring constant of the hydrogen bonds w is one of several promising ways to provide thermal stability of Davydov solitons because the usually used value of w = 13 N/m is measured in crystalline formamide [38, 57, 58] , where the formamide molecules can vibrate freely against each other in the potential due to the hydrogen bonds, while in an α-helix on the contrary they are bound covalently in the backbone of the protein. Another mechanism for enhancement of thermal stability of Davydov solitons is to increase the number of amide I quanta to at least two, which corresponds to the amount of energy released by a single ATP molecule [19, 59] . Ab initio quantum chemical calculations of different parameters for the α-helix and quantum-mechanical methods that introduce the effect of thermal agitation on amide I propagation, deserve further exploration. 
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Supplementary videos
Video 1. Exciton dispersion atχ = 10 pN for the case shown in Fig. 3a with symmetric Hamiltonian ξ = 1 and an initial Gaussian step distribution σ of amide I energy over 3 peptide groups starting from the N-end of an α-helix spine composed of 40 peptide groups (extending along the x-axis) during a period of 100 ps. Quantum probabilities |a n | 2 are plotted in blue along the z-axis. Phonon lattice displacement differences b n − b n−1 (measured in picometers) are plotted in red along the y-axis. Video 2. Moving soliton atχ = 30 pN for the case shown in Fig. 3b with symmetric Hamiltonian ξ = 1 and an initial Gaussian step distribution σ of amide I energy over 3 peptide groups starting from the N-end of an α-helix spine composed of 40 peptide groups (extending along the x-axis) during a period of 100 ps. Quantum probabilities |a n | 2 are plotted in blue along the z-axis. Phonon lattice displacement differences b n −b n−1 (measured in picometers) are plotted in red along the y-axis. The soliton is formed by self-trapping of the amide I energy by the induced lattice distortion. Video 3. Moving soliton atχ = 50 pN for the case shown in Fig. 3c with symmetric Hamiltonian ξ = 1 and an initial Gaussian step distribution σ of amide I energy over 3 peptide groups starting from the N-end of an α-helix spine composed of 40 peptide groups (extending along the x-axis) during a period of 100 ps. Quantum probabilities |a n | 2 are plotted in blue along the z-axis. Phonon lattice displacement differences b n −b n−1 (measured in picometers) are plotted in red along the y-axis. The soliton is formed by self-trapping of the amide I energy by the induced lattice distortion.
Video 4. Pinned soliton atχ = 70 pN for the case shown in Fig. 3d with symmetric Hamiltonian ξ = 1 and an initial Gaussian step distribution σ of amide I energy over 3 peptide groups starting from the N-end of an α-helix spine composed of 40 peptide groups (extending along the x-axis) during a period of 100 ps. Quantum probabilities |a n | 2 are plotted in blue along the z-axis. Phonon lattice displacement differences b n −b n−1 (measured in picometers) are plotted in red along the y-axis. The soliton is formed by self-trapping of the amide I energy by the induced lattice distortion.
Taking the inner product further gives δ(t)|δ(t) = n 2 da n dt 2 + 2 J Im da * n dt (a n+1 + a n−1 ) + J 2 |a n+1 + a n−1 | 2 +2 χIm da n dt a * n − χJ Re [a * n (a n+1 + a In our simulations, the error for deviation from the Schrödinger equation is found to be non-zero (Fig. 9 ), but negligible in comparison with the soliton energy E sol = D 2 (t)|Ĥ|D 2 (t) , which is
[Re(a n )Re(a n+1 ) + Im(a n )Im(a n+1 )] − χ|a n | 2 (b n+1 + (ξ − 1)b n − ξb n−1 )
where W 0 is the zero-point energy of the lattice vibrations. In the absence of a thermal bath, E sol corresponds to the total energy of the system and is a conserved quantity. Because the contribution from the two constant energies E 0 +W 0 is two orders of magnitude larger than the remaining energy terms, in the main text we have reported the gauge transformed soliton energy E = E sol − E 0 − W 0 . The error is negligible, ∆(t) < 10 −5 |E|, for the whole dynamic range ofχ ≤ 70 pN including the threshold for soliton pinning, which shows that the Davydov soliton is an excellent approximation to the full quantum dynamics in the absence of thermal agitation. Thus, the |D 2 ansatz is dynamically equivalent to the mixed quantum-classical approach in which the lattice is considered classical [13, 51] .
